In the following paper, we prove a dimension bound on the singular set of a Radon measure assuming its doubling ratio converges uniformly on compact sets. More precisely, we prove that if a Radon measure is n-Uniformly Asymptotically Doubling, then dim(S µ ) ≤ n − 3, where S µ is the singular set of the measure.
Introduction
In [KT] , the authors investigate a free boundary regularity problem for harmonic measures: they study how the doubling properties of the harmonic measure of a domain determine the geometry of its boundary. Indeed, they show that under the appropriate hypotheses, if the harmonic measure of a domain is asymptotically optimally doubling, then its boundary is locally well approximated by planes.
A Radon measure µ is said to be n-asymptotically optimally doubling (denoted by n-AOD) if for small radii, it doubles like Lebesgue measure. More precisely this means that the doubling ratio given by µ(Btr(x)) µ(Br (x)) behave like t n for small radii r. Definition 1.1. Consider a Radon measure µ on R d , Σ = supp(µ). For a fixed integer n, n ≤ d, define for x ∈ Σ, r > 0 and t ∈ (0, 1] R t (x, r) = µ(B tr (x)) µ(B r (x)) − t n (1.1) which encodes the doubling properties of µ. We say µ is n-asymptotically optimally doubling (n-AOD) if for each compact set K ⊂ R d , x ∈ K and t ∈ [
The notion of Reifenberg flatness will not be defined precisely in this paper, but for a set to be Reifenberg flat means that it is locally well approximated by planes.
In [DKT] and [PTT] , the authors show that if one assumes that the rate at which the doubling ratio of a measure approaches t n is Holder, then we obtain even more information on the regularity of its support. Theorem 1.3 ( [PTT] , [DKT] ). For each α > 0, there exists β = β(α) with the following property. If µ is a positive Radon measure supported on Σ ⊂ R d whose density ratio µ(Br (x)) r n approaches 1 in a Holder way for small r, then:
• (1.10, [PTT] ) if n = 1, 2, Σ is a C 1,β submanifold of dimension n in R d .
• (1.10, [PTT] ) if n ≥ 3, Σ is a C 1,β submanifold of dimension n in R d away from a closed set S such that H n (S) = 0, where S = Σ\R and R = {x ∈ Σ; lim sup r→0 θ(x, r) = 0}.
One of the main insights behind those results is the fact that the doubling ratio of µ behaving like a power of t implies that the tangent objects to µ are n-uniform. We say that a measure ν is n-uniform if there exists a constant c > 0 such that for every x in the support of ν and every r > 0, ν(B r (x)) = cr n . To make this statement more precise, let us state the notion of pseudo-tangents to a measure which were introduced in [KT] . Definition 1.4. Let µ be a doubling Radon measure in R d . We say that ν is a pseudo-tangent measure of µ at the point x ∈ suppµ if ν is a nonzero Radon measure in R d and if there exists a sequence of points x i ∈ suppµ such that x i → x and sequences of positive numbers {r i } and {c i } such that r i ↓ 0 and c i T x i ,r i ♯µ ⇀ ν. Theorem 1.5 ( [KT] ). Let µ be a Radon measure in R d that is doubling and n-asymptotically optimally doubling. Then all pseudo-tangent measures of µ are n-uniform.
This theorem says that a large class of measures is described asymptotically by n-uniform measures. Therefore, understanding the geometry of the support of n-uniform measures is important to describe the support of measures with "good" doubling ratios.
A measure being n-uniform in R d implies a great deal of rigidity on its geometry. Indeed, if n = 1, 2, then it has to be flat (see [P] ). If n = d − 1, then the measure is either flat or supported on the set C × R n−3 where C is the cone given by C = (x 1 , x 2 , x 3 , x 4 ) ; x 2 4 = x 2 1 + x 2 2 + x 2 3 (see [KoP] ). In [N1] , the following result on the singular set of n-uniform measures is proven.
Since an n-AOD measure has n-uniform pseudo-tangents, the same dimension bound should apply to its singular set. In this paper, we prove that this is indeed true. In fact, we prove that assuming the measure asymptotically doubles like any continuous function is enough to deduce such a dimension bound.
One can easily see the proof of Theorem 1.6 works for measures that are merely uniform or uniformly distributed. Definition 1.7. We say a measure ν is uniform if there exists a positive real-valued function φ on the positive real numbers such that for every x in the support of ν and every r > 0, ν(B r (x)) = φ(r).
Using a theorem of Preiss (see [P] ) that states that for every uniform measure, there exists n = dim 0 (ν) such that lim r→0 φν (r) r n exists, is positive and finite, we can show that ν n-uniform can be replaced by ν uniform with dim 0 ν = n in the statement of Theorem 1.6.
With this in mind, we define the following more general notion of "well-behavedness" of the doubling ratio of a measure. Definition 1.8. Let µ be a Radon doubling measure in R d , Σ = spt(µ). We say µ is uniformly asymptotically doubling (UAD) if there exists a continuous function f µ : Σ×R + → R + , f µ (x, 1) = 1 for every x ∈ Σ such that, for every K compact with K ∩ Σ = ∅, and for every ǫ > 0, there exists r K > 0 such that:
We first prove that if a measure is UAD, then its pseudo-tangents are uniform.
Theorem 1.9. Let µ be a uniformly asymptotically doubling measure in R d . Then all pseudotangents of µ are uniform.
We use this to prove a bound on the singular set of UAD measures. The proof of Theorem 1.6 relied on a dimension reduction argument based on the fact that for n = 3, the geometry of the tangents to a 3-uniform measure are well understood (see [N2] ). But a key aspect in dimension reduction arguments is that the measures have to satisfy a "conservation of singularities under blowups" property. In other words, the singular set of the measure in the argument has to blow-up to the singular set of its tangent object. We prove an analogous result for UAD measures. Theorem 1.10. Let µ be a UAD measure. Let {x j } ∞ j=0 ⊂ S µ , ν ∈ T an(µ, x 0 ), {r j } j a sequence going to zero such that µ x 0 ,r j ⇀ ν. Moreover, let y j =
Once this theorem is proven, we can apply a dimension reduction argument to get the following final theorem.
Preliminaries
Definition 2.1. Let µ be a measure in R d . We define the support of µ to be
Note that the support of a measure is a closed subset of R d .
We can define weak convergence for a sequence of Radon measures.
Definition 2.2. Let Φ, Φ j , j > 0 be Radon measures in R d . We say that Φ j converges weakly to Φ if for every f ∈ C c (R d ), the following holds:
We denote it by Φ j ⇀ Φ.
The results in this section appear in this form in [M] . 
3. For any point x there exists a set
Theorem 2.4. Let Φ j be a sequence of Radon measures on R d such that
Then there is a weakly convergent subsequence of Φ j .
We now want to define a metric on the space of Radon measures.
Definition 2.5. Let 0 < r < ∞. We denote by L(r) the set of all non-negative Lipschitz functions f on R d with spt(f ) ⊂ B r (0) and with Lip(f ) ≤ 1. For Radon measures Φ and Ψ on R d , set
We also define F to be
It is easily seen that F r satisfies the triangle inequality for each r > 0 and that F is a metric.
Proposition 2.6. Let Φ, Φ k be Radon measures on R d . Then the following are equivalent:
Let µ be a Radon measure on R d and Σ its support. For a ∈ R d , r > 0, define T a,r to be the following homothety that blows up B r (a) to B 1 (0):
We define the image T a,r [µ] of µ under T a,r to be the following measure:
Definition 2.7 ( [P] ). We say that ν is a tangent measure of µ at a point x 0 ∈ R d if ν is a non-zero Radon measure on R n and if there exist sequences (r i ) and (c i ) of positive numbers such that r i ↓ 0 and:
where the convergence in (2.3) is the weak convergence of measures. We write ν ∈ Tan(µ, x 0 ).
and if ν ∈ Tan(µ, x 0 ), then we can choose (r i ) such that:
The more general notion of pseudo-tangents was introduced by Toro and Kenig in [KT] .
Definition 2.8. Let µ be a doubling Radon measure in R d . We say that ν is a pseudo-tangent measure of µ at the point x ∈ suppµ if ν is a nonzero Radon measure in R d and if there exists a sequence of points x i ∈ suppµ such that x i → x and sequences of positive numbers {r i } and {c i } such that r i ↓ 0 and c i T x i ,r i ♯µ ⇀ ν.
Definition 2.9. A measure on R d is called n-flat if it is equal to cH n V , where V is an n-plane, and 0 < c < ∞. Let µ be a Radon measure on R d and x 0 be a point in the support Σ of µ. We will call x 0 a flat (or regular) point of Σ if there exists an n-plane V such that
Any point of Σ that is not flat will be called a singular (or non-flat) point.
Definition 2.10. Let µ be a Radon measure in R d .
• We say µ is uniformly distributed or uniform if there exists a positive function φ :
We call φ the distribution function of µ.
• If there exists c > 0 such that φ(r) = cr n , we say µ is n-uniform.
• If µ is an n-uniform measure such that T 0,r [µ] = r n µ for all r > 0, we call it a conical n-uniform measure.
In [ [P] , Theorem 3.11], Preiss showed that if µ is a uniform measure, there exists a unique p-uniform measure λ such that:
for all x ∈ R d . λ is called the tangent measure of µ at ∞.
Theorem 2.11 ( [P] , Theorem 3.11). Suppose µ is a uniform measure in R d , and let f be its distribution function. Then there exist integers n and p such that:
f (r) r n and lim r→∞ f (r) r p both exist and are in (0, ∞)
We denote n and p by n = dim 0 µ and p = dim ∞ µ.
Theorem 2.12 (3.11, [P] ). Let µ be a uniform measure in R d . Then, for every x ∈ Σ ∪ {∞}, there exist integers n = dim 0 µ and p = dim ∞ µ , a unique conical n-uniform measure λ x and a unique conical p-uniform measure such that:
• lim r→∞ F(µ y,r , λ ∞ ) = 0 for each y ∈ R d .
Moreover, for µ-almost every x ∈ Σ, λ x is flat.
Definition 2.13. Let µ be a uniform measure in R d , x 0 ∈ supp(µ) ∪ {∞}. We will call µ x 0 the normalized tangent measure to µ at x 0 if µ x 0 ∈ Tan(µ, x 0 ), and µ x 0 (B 1 (0)) = ω n .
One of the most remarkable results in Preiss' paper [P] is a separation between flat and non-flat measures at infinity. We will state a reformulation of this theorem by De Lellis from [Del] which is better adapted to our needs.
Theorem 2.14 ( [P] ). Let µ be an n-uniform measure in R d , ζ its normalized tangent at ∞ (in the sense of Definition (2.13)). If n ≥ 3, then there exists ǫ 0 > 0 (depending only on n and d) such that, if
In particular, if µ is conical and
then µ is flat.
[Del] defines certain functionals that measure how far from flat a measure is and behave well under weak convergence.
Theorem 2.14 is easily reformulated in terms of the functionals F in the following way.
Corollary 2.17. Let µ be a uniform measure on R d . If n ≥ 3, there exists ǫ 0 > 0 (depending only on n and d) such that lim sup
In particular, if µ is conical and F (µ) ≤ ǫ 0 then µ is flat.
Let us define the notion of asymptotically optimally doubling measures.
Definition 2.18. If x ∈ Σ, r > 0 and t ∈ (0, 1], define the quantity:
We say µ is asymptotically optimally doubling if for each compact set K ⊂ Σ, x ∈ K, and t ∈ [
The following theorem from [KiP] states that uniformly distributed measures don't grow too fast.
Theorem 2.19 ( [KiP] , Lemma 1.1). Let µ be a uniformly distributed measure over
3 Pseudo-tangents of Uniformly Asymptotically Doubling measures
We first introduce the notion of a uniformly asymptotically doubling measure.
Definition 3.1. Let µ be a Radon doubling measure in R d , Σ = spt(µ). We say µ is uniformly asymptotically doubling (UAD) if there exists a continuous function f µ : Σ×R + → R + , f µ (x, 1) = 1 for every x ∈ Σ such that, for every K compact with K ∩ Σ = ∅, and for every ǫ > 0, there exists r K > 0 such that:
We will denote f µ by f when there is no ambiguity in doing so and call f µ the distribution function associated to µ. We also denote µ(Btr(x)) µ(Br (x)) by R(x, r, t) and call it the doubling ratio of µ. The proof of the following two lemmas is similar to the proofs of Lemma [2.1] and Theorem [2.1] in [KT] .
Lemma 3.2. Let µ be a uniformly asymptotically doubling measure in
Proof. We first prove that if x i → x where
for z i ∈ Σ, r ∈ (0, 1) then ν(B r (x)) > 0. Let i 0 be such that:
. Since µ is UAD, there exists R > 0 such that for y ∈ B 1 (ξ), 0 < r < R,
Since ξ i → ξ, r i → 0 and |z i − ξ i | ≤ M r i , there exists i 1 ≥ i 0 such that
We get:
To prove the converse, suppose that x ∈ spt(ν) and that there exists a subsequence i k such that
This contradicts x ∈ spt(ν).
We restate Theorem 1.9 before proving it.
Theorem 3.3. Let µ be a uniformly asymptotically doubling measure in R d . Then all pseudotangents of µ are uniform. More precisely, if ξ ∈ supp(µ), and ν is a pseudo-tangent to µ at ξ, then for every x ∈ supp(ν), and every r > 0 we have :
Proof. Suppose ξ ∈ Σ, ν a pseudo-tangent to µ at ξ. We estimate ν(B r (x)) for x ∈ spt(ν), r > 0. Fix ǫ > 0. Let ξ i be a sequence of points in Σ such that ξ i → ξ and r i a sequence of positive radii decreasing to 0 chosen so that µ ξ i ,r i ⇀ ν.
Let x i a sequence of points in
converging to x and let z i ∈ Σ be such that z i = r i x i + ξ i . Choose i 0 so that:
Then:
Choosing i large enough, we have on one hand
and on the other hand, for κ > 1, we have:
3)
Let κ ǫ be chosen so that M κǫr < ǫ. Putting 3.2 and 3.3 together, we get:
Letting ǫ go to 0, we get:
A similar calculation gives:
On one hand we get
. On the other hand, for δ > 0 chosen arbitrarily we get:
Letting δ go to 0, we obtain:
Corollary 3.4. Let µ be a Uniformly Asymptotically Doubling measure and f be its distribution function. Then for every x there exists n = n x such that:
where f (x) ∈ (0, ∞). We write n x = dimf (x, .).
Proof. This is a direct consequence of the fact that for fixed x, f (x, t) is the distribution function of a uniform measure and of Theorem 2.11.
Definition 3.5. Let µ be a UAD measure in R d with distribution function f µ (x, t). Let n = sup {dimf (x, .) ; x ∈ supp(µ)}(Note that n ≤ d). We say µ is n-UAD.
Singularities of UAD measures
We first aim to prove Theorem 1.10. We start by proving an analogue of Lemma [1.5] from [N1] stating a "connectedness" result for pseudo-blow ups along the same sequence of points.
Lemma 4.1. Let µ be a uniformly asymptotically doubling measure with {x k } ∞ k=1 ⊂ supp(µ)∩B 1 (0), x k → x. Moreover, let {τ k }, {σ k } sequences of positive numbers going to zero. We also assume that σ k < τ k and there exist uniform measures α and β such that:
Then α is flat =⇒ β is flat.
Proof. Assume that α is flat but β is not. Then F (α) = 0 and there exists R 0 > 0 such that :
By continuity of F , there exists 0 < κ < ǫ 0 and k 0 so that:
We claim that we can assume without loss of generality that R 0 σ k < τ k . In fact we prove that lim k→∞
Indeed, assume by contradiction and passing to a subsequence that
On the other hand, for k large enough,
Passing to a subsequence we get:
for some constant c. However β is not flat and α is flat thus yielding a contradiction. Now define f k : (0, ∞) → (0, ∞) to be
f k is continuous away from zero for every k > 0. In particular, for every k > k 0 , there exists
Without loss of generality, by passing to a subsequence,
Moreover, since ξ is a pseudo-tangent to µ at x, it is in particular uniform. By continuity of F , F (ξ) = κ. In particular, ξ is not flat. We now show that ξ is flat at infinity, obtaining hence a contradiction.
In the same way that we proved that
Using the fact that
and hence,
It follows easily from the fact that
and consequently, F (ξ 0,R ) ≤ κ for all R > 1. Now letting R → ∞, we get F (Ψ) ≤ κ < ǫ 0 , where Ψ is the tangent to ξ at ∞. This implies that Ψ is flat and consequently, ξ is flat contradicting the fact that F (ξ) = κ.
Let us restate Theorem 1.10 before proving it.
Proof. We start by constructing a sequence σ k satisfying µ x k ,σ k ⇀ ν ∞ , where ν ∞ satisfies F (ν ∞ 0,R ) > ǫ 0 for all R > 1 and where ν k ∈ T an(µ, x k ). Moreover, for every y ∈ supp(ν k ), r > 0, we have :
Since x k are singular points, ν k is not flat. In particular, it is curved at ∞, i.e. there exist R k such that whenever r > R k ,
By passing to a subsequence if necessary, we can assume that ν k 0,R k ⇀ ν ∞ for some Radon measure ν ∞ . Indeed, this follows from the fact that for S > 1 fixed and for k large enough, we have, by Theorem 2.19:
from which convergence of a subsequence follows by compactness.
as k goes to ∞. In particular, ν ∞ is a pseudo-tangent to µ at x 0 . We claim that for all but at most countably many R ∈ (1, ∞),
To prove that the right hand side goes to 0 as k goes to ∞, let g ∈ L(1). Then, if we define g R (y) = Rg( y R ), we have: 0)) for all but countably many R > 1 and
2 for all but at most countably many R > 1. Letting R to ∞, we get that ν ∞ is curved at ∞. However since ν ∞ is a pseudo-tangent to µ, it is in particular uniform which implies that it is not flat. Letting σ k = R k s k j k , our claim is proved. On the other hand, we claim that y ∈ supp(ν) and µ x j ,r j ⇀ ν y . (r i y). Consequently,
Let us prove the second part of (4.1). Recall Definition 2.5. Fix R > 0. Let φ ∈ L(R). Then, on one hand, for j large enough that |y j | ≤ 2, we have:
On the other hand,
since Lip(φ) ≤ 1, φ j and φ y are supported in B R+2 (0) where we define φ y (z) = φ(z − y). This gives, taking the supremum over all φ ∈ L(R):
for j large enough. Letting j → ∞, we get (4.1) since R was chosen arbitrarily.
. Using ρ k , we construct a sequenceτ k such that:
for some subsequence x l k of x k where α is the normalized tangent to ν at y.
To prove the claim, fix R > 0. Then for k large enough that Rρ k ≤ 1
On one hand, by Lemma 1.9, we have
, which goes to 0 as k goes to infinity since µ is UAD.
This proves (4.5).
We have therefore obtained two sequencesσ k = σ l k and τ k =τ k such that:
Since ν ∞ is not flat, Theorem 4.1 implies that α is not flat which ends the proof.
Corollary 4.3. Let µ be a uniform measure in R d such that dim 0 µ ≤ 3. Then |S µ ∩ K| < ∞, for every K compact subset of R d . In particular, dim H (S µ ) = 0. Here, |A| denotes the cardinality of the set A ⊂ R d .
Proof. Assume not. Then there exists K compact subset of R d such that |S µ ∩ K| = ∞ . In particular there exists a sequence of points {x j } j ⊂ S µ ∩ K converging to some x ∞ ∈ K. Moreover,
x ∞ ∈ supp(µ) since the support of a measure is closed set. Let r j = |x j − x ∞ | and y j = x j −x∞ r j . Then by Theorem 2.12, µ x∞,r j ⇀ ν, ν normalized tangent to µ at x ∞ and by compactness, we can assume by passing to a subsequence if necessary that y j → y ∈ ∂B 1 (0). By (4.1), y ∈ supp(ν). Since y = 0, y must be a flat point of supp(ν) by Theorem [??] from [N1] . This contradicts Theorem 1.10.
Lemma 4.4. Let ν be an n-uniform conical measure in R d , ξ = 0, ξ ∈ spt(ν), and let λ be the tangent to ν at ξ. Then:
where A ⊂ R d−1 . Moreover, A is the support of an n − 1-uniform measure.
Proof. We will first prove that
for any t > 0. Take t > 0. Then, on one hand 
On the other hand, we have
We now prove that s j −m T (1+(1−s j )t)ξ,s j [ν] → λ. Taking the supremum over all φ ∈ L(R), we get: Since A j → 0 by (4.13) and, according to (4.11), F R (s j −m T (1+t)ξ,s j [ν], λ) → 0, by using (4.14), we prove (4.12).
This proves (4.10) from which it follows that Σ − tξ = Σ for t > 0. On one hand, if z ∈ Re 1 ⊕ A, then there exists z ′ ∈ A and t ∈ R such that:
Since A ⊂ Σ by definition, this implies that z ∈ Σ + te 1 and consequently, z ∈ Σ by (4.15). On the other hand, if z ∈ Σ, we can write: z = (z − z, e 1 e 1 ) + z, e 1 e 1 .
Let t 1 = z, e 1 . By (4.15), z − t 1 e 1 ∈ Σ. Moreover, z − t 1 e 1 , e 1 = 0. Therefore, z − t 1 e 1 ∈ A and z ∈ Re 1 + A. The uniqueness of such a decomposition follows from the fact that Re 1 and A are orthogonal by construction. This proves (4.17).
We restate Theorem 1.11 before proving it.
Theorem 4.5. Let µ be a n-UAD measure in R d , 3 ≤ n ≤ d where n is the dimension of µ. Then 18) where dim H denotes the Hausdorff dimension.
Proof. The proof of this theorem is similar to the proof of Theorem [] in 1.6. We repeat it for the reader's convenience. The theorem holds for n = 3. Indeed, suppose µ is 3-UAD and s is such that H s (S µ ) > 0. Then by an argument which will be outlined in the next few paragraphs, there exists x 0 ∈ S µ and ν ∈ T an(µ, x 0 ) such that H s (S ν ∩ B 1 (0)) > 0. But ν uniform and dim 0 ν ≤ 3 implies that s = 0 by Corollary 4.3.
Let m < d and assume the theorem holds for all l-uniform measures in R d such that l < m. We want to prove that it holds for m-UAD measures.
Suppose that s ∈ R + is such that H s (S µ ) > 0.
